Abstract. The purpose of this paper is to study the bimeromorphic invariants of compact complex manifolds in terms of Bott-Chern cohomology. We prove a blow-up formula for Bott-Chern cohomology. As an application, we show that for compact complex threefolds the non-Kählerness degrees, introduced by Angella-Tomassini [Invent. Math. 192, (2013), 71-81], are bimeromorphic invariants. Consequently, the ∂∂-Lemma on threefolds admits the bimeromorphic invariance.
Introduction
Let X be a complex manifold then it admits a huge space of smooth Hermitian metrics. In general, to study the geometry and topology of X it is of usefulness to pick a special Hermitian metric on X, such as the Kähler metric and the balanced metric. Among these metrics, the most distinguished ones on complex manifolds are Kähler metrics. In the past decades, there have been extensive study of Kähler geometry from differential and algebraic geometry points of view. The existence of a Kähler metric on a compact complex manifold implies many special topological consequences, and one of them is the ∂∂-Lemma. According to the real homotopy theory, a direct result of the ∂∂-Lemma is that the real homotopy type of a compact Kähler manifold is a formal consequence of the de Rham cohomology ring (cf. [17] ). Following the notion of Popovici [37] , we say that a compact complex manifold X is a ∂∂-manifold if the ∂∂-Lemma holds on X. It is noteworthy that the class of ∂∂-manifolds consists of Moishezon manifolds and compact complex manifolds in the class C of Fujiki, which are not Kähler in general (cf. [33, 24] ). On one hand, a great number of examples of ∂∂-manifolds that are known so far carry the balanced metrics. On the other hand, there exist many examples of balanced manifolds on which the ∂∂-Lemma does not hold, for instance, a classical example is the Iwasawa manifold (cf. [7] ).
In complex geometry, there exist two important geometric operations: modification and deformation. These operations provide us with useful methods to produce new complex manifolds from the original ones. In 1960, Hironaka [27] constructed a compact non-Kähler threefold X, with a modification f : X → CP 3 , on which the ∂∂-Lemma holds. This means that the Kähler metric on a compact complex manifold is not preserved by modifications. On balanced metric, Alessandrini-Bassanelli [5, 6] proved that the balanced structure is stable under modifications. Moreover, Popovici [36] showed that the strongly Gauduchon (sG) structure on a compact complex manifold admits the stability under modifications. On the small deformations of Kähler manifolds, a classical result of Kodaira-Spencer [29] shows that small deformations of a compact Kähler manifold remain Kähler; see also Rao-WanZhao [38, 39] for a new proof. The example of Iwasawa manifold shows that the balanced structure is not preserved under small deformations (cf. [4] ); whereas, it is stable under small deformations when the manifold satisfies some versions of the ∂∂-Lemma (cf. [23, 38, 50] etc). Particularly, the ∂∂-Lemma itself admits the stability under small deformations (cf. [48, 50, 12] ).
Assume that X andX are two compact complex manifolds with the same dimensions and let f :X → X be a modification. According to a result of Deligne-Griffiths-Morgan-Sullivan [17, Theorem 5.22] , we know that if the ∂∂-Lemma holds forX then so does for X (see also [18, Theorem 12.9] ). Conversely, it is natural to consider the following question (see also [3] ): if the ∂∂-Lemma holds for X, then whether it also holds forX? In general, modifications are special cases of bimeromorphic maps, we have the following Problem 1.1. Is the ∂∂-Lemma a bimeromorphic invariant of compact complex manifolds? Here the bimeromorphic invariance means that if f :X X is a bimeromorphic map of compact complex manifolds then the ∂∂-Lemma holds onX if and only if so does on X.
In 2002, Abramovich-Karu-Matsuki-W lodarczyk [1, Theorem 0.3.1] proved the Weak Factorization Theorem which asserts that any bimeromorphic map of compact complex manifolds f :X X can be decomposed into a finite sequence of blow-ups and blow-downs with smooth centers. Therefore, to prove the bimeromorphic invariance of the ∂∂-Lemma, it is sufficient to show that the ∂∂-Lemma is stable under blow-ups. From cohomogical point of view, Angella-Tomassini [12] showed that the validity of the ∂∂-Lemma on a compact complex manifold can be characterized by Bott-Chern cohomology. This implies that to prove that the blow-up of a ∂∂-manifold satisfies the ∂∂-Lemma we need a blow-up formula for Bott-Chern cohomology. Using a sheaf-theoretic approach, we prove the following result. Theorem 1.2. Let X be a compact complex manifold with dim C X = n. Assume that Z ⊂ X is a closed complex submanifold such that codim C Z = r ≥ 2. Then we have the following isomorphisms:
Here π :X → X is the blow-up of X along Z and E = π −1 (Z) is the exceptional divisor.
Note that on compact complex surfaces the ∂∂-Lemma, the balanced condition, and the Kähler condition are equivalent; however, if the complex dimension is larger than 2 those conditions are not equivalent sharply. In particular, there exist examples of compact balanced manifolds on which the ∂∂-Lemma does not hold. Besides, all ∂∂-manifolds known so far are balanced manifolds, and hence this leads to a conjecture that every ∂∂-manifold carries a balanced metric (cf. [37, 40] ). In 2012, Fu-Li-Yau [22, Theorem 1.2] proved that each Clemens manifold has a balanced metric; moreover, recently Friedman [20, Theorem 3.10] showed that for a general Clemens manifold the ∂∂-Lemma holds. In their paper [12] , Angella-Tomassini introduced a series of numerical invariants called non-Kählerness degrees for compact complex manifolds. As an application of Theorem 1.2, we consider the bimeromorphic invariance of non-Kählerness degrees for compact complex threefolds and we give a definite answer to Problem 1.1 in this case. Theorem 1.3. Let f :X X be a bimeromorphic map of compact complex threefolds. Then for any k ∈ {0, 1, 2, 3, 4, 5, 6} the k-th non-Kählerness degree ofX is equal to the k-th non-Kählerness degree of X. Moreover,X is a ∂∂-manifold if and only if X is a ∂∂-manifold.
It is well-known that (p, 0)-and (0, q)-Hodge numbers are bimeromorphic invariants of compact complex manifolds (see [41, As an application of the second part of Theorem 1.2, we show that the (p, 0)-Bott-Chern numbers of a compact complex manifold are bimeromorphic invariants (Corollary 3.6).
An outline of this paper is organized as follows. We devote Section 2 to the preliminaries of Bott-Chern cohomology and the cohomological characterization of the ∂∂-Lemma on a compact complex manifold. In Section 3, we prove a blow-up formula for Bott-Chern cohomology. In Section 4, we show that the non-Kählerness degrees of threefolds are bimeromorphic invariants. Finally, in Section 5 we give a brief remark on the bimeromorphic invariance of ∂∂-Lemma on compact complex manifolds in general.
Recently, we were informed that, using different techniques, D. Angella, T. Suwa, N. Tardini and A. Tomassini also proved the stability of the ∂∂-Lemma under blow-ups with centers satisfying the ∂∂-Lemma and having holomorphically contractible neighbourhoods [10, Theorem 2.1]. The approach in [10] is aČech cohomology theory for Dolbeault cohomology which gives rise to a more topological method from a complimentary point of view. differential d = ∂ +∂; moreover, it induces a natural decomposition of the complexified cotangent bundle
The decomposition above gives a decomposition on the space of differential forms
where A p,q (X; C) is the space of smooth (p, q)-forms on X. Furthermore, we get a natural bidifferential Z 2 -graded algebra, namely, the double complex of X denoted by (A •,• (X; C); ∂,∂).
In particular, there are several important cohomologies X associated to (A •,• (X; C); ∂,∂) as follows (cf. [19, 14, 2] ).
• The de Rham cohomology
• The ∂-cohomology and Dolbeault cohomology
• The Bott-Chern cohomology and Aeppli cohomology
From definition, the Bott-Chern and Aeppi cohomology admit the symmetric property by complex conjugation.
It is noteworthy that all the above cohomologies can be thought of as bi-graded algebras over C with respect to the wedge product. In particular, the identity map induces the following natural maps of bi-graded C-vector spaces
In general, the maps in (2.1) are neither surjective nor injective. If the natural map
induced by the identity is injective, then we say that X satisfies the ∂∂-Lemma. In addition, we have the following proposition (cf. [17, Proposition 5.17] ).
Proposition 2.1. Let X be a compact complex manifold. Then the following conditions are equivalent.
(ii) All the maps in (2.1) are isomorphisms.
(iii) The following equation holds on the space of C-valued differential forms
If X is a Kähler manifold or more general a ∂∂-manifold then the Bott-Chern/Aeppli cohomology coincide with the Dolbeault cohomology via the maps in (2.1). In non-Kähler complex geometry, the Bott-Chern/Aeppli cohomology play important roles. According to the Hodge theory on compact Hermitian manifold we know that the de Rham and Dolbeault cohomology of a compact complex manifold are finite dimensional. Analogously, Schweitzer [43] established the Hodge theory for Bott-Chern and Aeppli cohomology. Given a Hermitian metric h on X then we can construct two 4-th order elliptic self-adjoint differential operators
Moreover, we have
It follows that the Bott-Chern and Aeppli cohomology of a compact complex manifold are finite dimensional. In addition, the Hodge star operator with respect to the Hermitian metric h induces a duality * :
for every p, q ∈ N. Consider the relationship between the de Rham and Dolbeault cohomology of X. There exists a spectral sequence {E r , d r } of the double complex (A •,• (X; C); ∂,∂), called the HodgeFrölicher spectral sequence starting from the Dolbeault cohomology
and converging to the graded module associated to a filtration of the de Rham cohomology
Moreover, this gives rise to the famous Frölicher-inequality [21] :
for any 0 ≤ p, q ≤ n. As an analogy, Angella-Tomassini [12] proved a Frölicher-type inequality which links Bott-Chern and Aeppli cohomology to de Rham cohomology and provides a new characteristic theorem of the ∂∂-Lemma. . Let X be a compact complex manifold. Then, for every k ∈ N, the following inequality holds
Moreover, the equality in (2.3) holds for every k ∈ N if and only if X satisfies the ∂∂-Lemma.
For any (p, q) ∈ N × N, k ∈ N and ♯ ∈ {∂,∂, BC, A} we define
Especially, we denote the k-th Betti number of X by
Definition 2.3 (Non-Kählerness degrees). For a compact complex manifold X of complex dimension n, and for any k ∈ {0, 1, · · · , 2n} the k-th non-Kählerness degree is defined to be the non-negative integer
. In particular, we have ∆ k (X) = ∆ 2n−k (X) and ∆ 0 = ∆ 2n = 0; therefore, the only non-trivial non-Kählerness degrees are
Equivalently, a quantitative characterization of the ∂∂-Lemma on compact complex manifolds is stated as follows.
Theorem 2.4 ([11, Theorem 3.1]).
A compact complex manifold X satisfies the ∂∂-Lemma if and only if, for any k ∈ N, there holds
The revised non-Kählerness degrees of X is defined to be the following integers:
. From definition, we get N k (X) = −N 2n−k (X); moreover, we have the following equivalent conditions (cf. [12, 11] ):
From the bimeromorphic geometry point of view, it would be interesting to confirm whether the non-Kählerness degrees of a compact complex manifold are bimeromorphic invariants. It is noteworthy that for any compact complex surface the non-Kählerness degree ∆ 1 is always zero and ∆ 2 = 0 if and only if the surface is Kähler (cf. [8] ). In addition, if the surface is non-Kähler then ∆ 2 = 2 (cf. [13, 46] ).
Bott-Chern hypercohomology.
Assume that (X, J) is a compact complex manifold with dim C X = n. Let E s,t X be the sheaf of germs of differential (s, t)-forms on X. For a fixed bidegree (p, q) such that q ≥ p ≥ 1, let k = p + q. We can define the following sheaves
where
is the right derived functor of the global section functor Γ(X, −). Because L • X is a complex of fine sheaves the following lemma holds (cf. [18, Chapter VI, §12]).
Lemma 2.5. Let X be a compact complex manifold. Then for the fixed bi-degree (p, q) we have
Let Ω l X (resp.Ω l X ) be the sheaf of holomorphic (resp. anti-holomorphic) p-forms and C X the constant sheaf on X. There exist two sheaf complexes of holomorphic and antiholomorphic forms
moreover, we can define a new sheaf complex S • X :
Similarly, we have a sheaf complex B • X :
. Consequently, by Lemma 2.5 we get the following isomorphisms.
Blow-up formula of Bott-Chern cohomology
The purpose of this section is to give the proof of Theorem 1.2. Throughout of this section we assume that X is a compact complex manifold with dim C X = n and ι : Z ֒→ X be a closed complex submanifold with codim C Z = r ≥ 2. Set U = X − Z.
3.1.
Case of 1 ≤ p, q ≤ n. Due to the symmetric property of Bott-Chern cohomology we only need to consider the case of q ≥ p ≥ 1. Recall that the space of sections of the constant sheaf C X over an open subset V is Γ(V, C X ) = {f : V → C locally constant function}.
We define a surjective morphism of sheaves χ : C X → ι * C Z by setting
for any open subset V ⊂ X such that V ∩ Z = ∅, and zero map otherwise. Then there is a short exact sequence of sheaves
where K U is the kernel sheaf of χ.
For any integer 0 ≤ s ≤ n and any open subset V ⊂ X we can define a morphism
where ι V ∩Z : V ∩ Z → V is the holomorphic inclusion and therefore we get a sheaf morphism
Set K s X = ker (ϕ). Then we have the following sequence of sheaves; for s = 0 it is the structure sheaf sequence.
Lemma 3.1. The following short sequence of sheaves on X is exact
Proof. We only need to show that the sheaf morphism ϕ is surjective. By definition, the stalk of the direct image ι * Ω s Z at a point x is (Ω s Z ) x if x ∈ Z and zero otherwise. It follows that the map of stalks
The remaining thing to do in the proof is to verify that for any x ∈ Z the morphism of stalks
Then there exists a holomorphic projection given by
For any germ α x ∈ (ι * Ω s Z ) x we can choose a representative (V, α), here α is a holomorphic p-form on V ∩ Z. Particularly, we can choose V small enough such that V ⊂ W and then the restriction of τ on V gives rise to a holomorphic map
It follows that ϕ x (β x ) = α x , namely, ϕ x is surjective.
Taking the complex conjugation of (3.2), we get the the anti-holomorphic sheaf sequence
for any integer 0 ≤ t ≤ n. Since the direct image functor ι * commutes with the direct sum we derive a short exact sequence by taking direct sum of (3.2) and (3.3)
Observing that both operators ∂ and∂ commute with the pullback of holomorphic maps and ι * is an exact functor, we get the following commutative diagram from (3.4)
By the definition of the sheaf complex (2.4), the sequences (3.1) and (3.5) implies
there is a short exact sequence of sheaf complexes
where K • X is the sheaf complex
To prove the theorem we need the following basic result from homological algebra.
Proposition 3.3. Consider a commutative diagram of two exact sequences of complex vector spaces
Assume that i 1 , i 4 are isomorphic, and i 2 , i 3 are injective. Then there is a natural isomorphism
Proof. By the hypothesis, i 2 and i 3 are injective and therefore we have
The commutativity of the second square implies g 2 (im(i 2 )) ⊂ im(i 3 ) and therefore there exists a well-defined morphism of cokernels
The injectivity and the surjectivity ofḡ 2 can be obtained by the standard argument of diagram-chasing.
We are now in a position to prove the first part of Theorem 1.2.
Proof of Theorem 1.2 (i). Recall that X is a compact complex manifold with dim C X = n, ι : Z ֒→ X a closed complex submanifold such that codim C Z = r ≥ 2 and U = X − Z the complimentary open set. Assume that π :X → X is the blow-up of X with the center Z. Let E := π −1 (Z) be the exceptional divisor andŨ :=X − E. Then the restriction map π|Ũ :Ũ → U is biholomorphic. Moreover, we have a commutative diagram 8) whereι : E ֒→X is the inclusion. Due to the symmetric property of Bott-Chern cohomology we only consider the case of q ≥ p ≥ 1. For any bi-degree (p, q) satisfying q ≥ p ≥ 1 we can construct the following short exact sequence of sheaves onX similar to (3.6)
where BX and B E are defined as (2.4), and K • X is the counterpart of (3.7) onX. Note that π :X → X is a proper holomorphic map the pullback π * of holomorphic forms induces a morphism (over π) from Ω s X to Ω sX , and also a morphism fromΩ s X toΩ sX ; moreover, the blow-up diagram (3.8) gives rise to a commutative diagram for the long exact sequences of hypercohomologies associated to (3.6) and (3.9), respectively.
10) Because the direct image functor ι * is exact and RΓ(X, ι * (−)) = RΓ(Z, −), by Proposition 2.6 we obtain
As a result, (3.10) becomes
We claim the following result and give its proof at the end of this subsection.
Lemma 3.4. For any k ∈ N, the morphism
is isomorphic.
From (3.11) and Lemma 3.4, we derive the commutative diagram
(3.12)
Since π :X → X is a proper and holomorphic map the induced morphism 
The proof of Theorem 1.2 (i) is now complete.
Remark 3.5. Note that the hypercohomology groups of a sheaf complex are canonically isomorphic to itsČech hypercohomology groups on manifolds (cf. [16, Theorem 1.3.13 (3)]). The diagram (3.10) is actually equal to a diagram ofČech hypercohomology groups whose commutativity can be also verified directly, because all morphisms are induced by the pullback of differential forms.
Finally, we turn to the proof of Lemma 3.4. For the pair (X, Z), there exist two surjective sheaf morphisms χ : C X → ι * C Z and
for any open subset V ⊂ X such that V ∩ Z = ∅, and zero map otherwise. Let K U and K l U are the kernel sheaves of χ and ν, respectively. It can be directly verified that K
• U is a fine resolution of K U , and hence the sheaf cohomology of K U is isomorphic to the cohomology of the complex (Γ(X, K 
Proof of Lemma 3.4.
Recall that the sheaf complex K • X is defined to be
The sheaf K U can be viewed as a complex concentrated in degree 0. Denote D • X be the sheaf complex
Note that the following diagram is commutative
We obtain a short exact sequence of sheaf complexes
and hence a long exact sequence of hypercohomologies:
Similarly, for the sheaf complex K • X with respect to the pair (X, E), there is a long exact sequence
Akin to (3.10), the blow-up diagram (3.8) induces a commutative diagram:
(3.15) On one hand, we have
On the other hand, πŨ :Ũ → U is biholomorphic. 
Likewise, the double complex (K
•,• X
;D 1 ,D 2 ) admits a spectral sequence, denoted by {Ẽ r ,d r }, with the first termẼ
which is converging to the total cohomology H(K •X ). . As a result, by definition, we derive the canonical isomorphisms
, which induces an isomorphism of sheaf cohomologies
Observe that the morphism of double complexes π * : K
induces a morphism of the total cohomology groups π * : H(K • X ) → H(K •X ) and a morphism of spectral sequences π * r : E r →Ẽ r for any r ≥ 1. From (3.16) and (3.17), we get an isomorphism
for any 0 ≤ t ≤ n and 0 ≤ s ≤ q − 1. This implies that π * 1 : E 1 →Ẽ 1 is isomorphic. Due to [26, Theorem 6.4 .2], we get π * r is isomorphic for any r > 1; furthermore, the induced morphism of the total cohomologies for the simple complexes is isomorphic, i.e., π * D is an isomorphism.
As the morphisms π * U and π * D in (3.15) are isomorphic, from the standard Five Lemma, so is the middle one π * . We have thus proved the lemma. The inclusionj induces a restriction morphism
We claim that (3.20) is injective. If the assertion was not true, then there exists a nonzero ∂-closed holomorphic p-form onX would vanish on the nonempty open subsetŨ =X − E, and this leads to a contradiction. Using the same argument above, we can verify the injectivity of
, which is a ∂-closed holomorphic p-form on U . Note that codim C Z ≥ 2, by the Hartogs Extension Theorem α extends over Z and we get a holomorphic p-form β on X such that β| U = α. Let ζ = ∂β, then ζ ∈ Γ(X, Ω 
otherwise.
Proof. As Z = {pt} the exceptional divisor E is biholomorphic to CP n−1 . Note that H 
Because of the Hodge decomposition, we get that the cokernel of the morphism
is zero when (p, q) = (0, 0) and isomorphic to H p,q ∂ (CP n−1 ) when (p, q) = (0, 0). This completes the proof.
As an application of Corollary 3.7, we can prove the following result.
Proposition 3.8. Assume that X is a ∂∂-manifold of dim C X = n. Let π :X → X be the blow-up of X at a point. ThenX is a ∂∂-manifold.
Proof. According to Corollary 3.7, we get
For any 0 ≤ k ≤ 2n, using (3.22), the k-th revised non-Kählerness degree ofX is
Because X is a ∂∂-manifold we have N k (X) = 0, and hence N k (X) = 0. Thus we arrive at the conclusion. Remark 3.10. By the duality (2.2) the blow-up formula in Theorem 1.2 is equivalent to
and this gives rise to a blow-up formula of Aeppli cohomolgy groups. In particular, AlessandriniBassanelli [6] proved the following formula
where H is the sheaf of germs of pluriharmonic functions.
Non-Kählerness degrees of threefolds
In this section we study the bimeromorphic invariance of non-Kählerness degrees of compact complex threefolds.
Definition 4.1. Let X be a compact complex space with dim C X = n. A modification of X is a proper holomorphic map f :X → X satisfying:
(i)X is a compact complex space with complex dimension n;
(ii) there exists an analytic subset S ⊂ X of codimension ≥ 2 such that
is a biholomorphism, where E := f −1 (S) is called the exceptional set of the modification;
and then clearly f (X) = X.
It is important to notice that the blow-up of a compact complex manifold with a smooth center is a special example of modifications; meanwhile, the modifications are bimeromorphic maps in the following sense. 
Moreover, if the projection p 2 : G f → Y is also a modification, then f : X Y is called a bimeromorphic map. We say X and Y are bimeromorphically equivalent if there exists a bimeromorphic map f : X Y between them.
Suppose now that f : X Y is a bimeromorphic map of compact complex manifolds. By Hironaka's singularity resolution theorem [28] , there exists a compact complex manifold Z with a triangle Z
where ρ : Z → G f is a resolution of the graph G f , and π i := p i • ρ is a modification. There exist many examples of bimeromorphic maps which are not modifications and blowups; however, Abramovich-Karu-Matsuki-W lodarczyk [1] showed that any bimeromorphic map between compact complex manifolds is a composition of finite sequences of blow-ups and blow-downs of compact complex manifolds with smooth centers (see also [49] ). 
is a morphism obtained by blowing up a smooth center.
Due to the Theorem 2.2 and Theroem 4.3, to verify the bimeromorphic invariance of the ∂∂-Lemma for threefolds, it suffices to prove an explicit blow-up formula of Bott-Chern cohomology as Corollary 3.7.
Lemma 4.4. Let X be a compact complex threefold and C ⊂ X a smooth curve. Then for any 0 ≤ p, q ≤ 3 we have
where π :X → X is the blow-up of X along C.
Proof. According to Theorem 1.2, the assertion holds if and only if the co-kernel of the morphism
BC (E) equals to H p−1,q−1 ∂ (C), for any 0 ≤ p, q ≤ 3. By definition, we get that the exceptional divisor E = π −1 (C) is biholomorphic to the projectivization of the normal bundle of C, i.e., E = P(N C/X ). Since every compact complex curve is Kähler the ∂∂-Lemma holds on C. It follows that the Bott-Chern cohomology of C is isomorphic to its Dolbeault cohomology. In addition, note that the exceptional divisor E = P(N C/X ) is a Kähler surface inX. This implies H p,q BC (E) ∼ = H p,q ∂ (E). Let S be the universal subbundle over E and let t = c 1 (S * ) be the first Chern class of the dual bundle S * , which is a real de Rham cohomology class of (1, 1)-type. According to the Leray-Hirsch theorem [15, Theorem 5.11 ], the de Rham cohomology H * dR (E; C) is a free module over H * dR (C; C) with the basis {1, t}, i.e.,
More precisely, we have
dR (C; C), where k = p + q. It follows that the co-kernel of the morphism
dR (C; C). Due to the Hodge decomposition and via a careful degree checking we get H
and hence H p,q
which completes the proof.
Remark 4.5. In general, if the submanifold Z is in the class C of Fujiki, then the exceptional divisor E is also in the class C of Fujiki. Consequently, the ∂∂-Lemma holds on E and hence the Bott-Chern cohomology H
•,•
BC (E) is isomorphic to the Dolbeaut cohomology H
•,• ∂ (E). According to the Hodge decomposition and the projective bundle formula for de Rham cohomology, following the steps in Lemma 4.4, we can prove the following formula
We are ready to prove Theorem 1.3.
Proof of Theorem 1.3. Let f :X X be a bimeromorphic map of compact complex threefolds. From Theorem 4.3, there exists a diagram
where either φ i :
is a morphism obtained by blowing up of a compact complex threefold along a point or a smooth curve. According to the diagram (4.1), to verify ∆ k (X) = ∆ k (X) for any k ∈ {0, 1, 2, 3, 4, 5, 6}, it suffices to prove
Note that X is a compact complex threefold. Without loss of the generality, we may assume that g : Y / / X is a blow-up of X at a point or along a smooth curve then we divide the proof in two cases. Case 1. Assume that g : Y → X is a blow-up of X at a point. From Corollary 3.7 we have 
Moreover, in the case of k ∈ {2, 4}, via a direct check we have
Case 2. Now we assume that g is the blow-up of X along a smooth curve C. On one hand, since C is a smooth curve, by Lemma 4.4 and for the dimension reason we get 
If k ∈ {0, 1, 3, 5, 6} then via a straightforward computation we can verify that the equality ∆ k (Y ) = ∆ k (X) holds. If k = 2 or k = 4, then from the Poincaré duality on C we have
The results in Case 1 and Case 2 mean ∆ k (Y ) = ∆ k (X) for any k ∈ {0, 1, 2, 3, 4, 5, 6}. Likewise, we can show that where a, b, c are complex numbers. It is noteworthy that H(3; C) is a connected and simply connected complex nilpotent Lie group. Let Γ ⊂ H(3; C) be a discrete subgroup such that all entries are Gaussian integers. The Iwasawa manifold is defined to be quotient space I 3 := H(3; C)/Γ, which is a compact 6-dimensional smooth manifold. Besides, there exists a H(3; C)-invariant complex structure J 0 on I 3 determined by the standard complex structure on C 3 . This enables (I 3 , J 0 ) to be a non-Kähler, no-formal, and holomorphically parallelizable manifold. In 1975, Nakamura [34] proved that the holomorphically parallelizable property of I 3 is not stable under small deformations and the deformed objects of I 3 can be divided into three classes. Via computing the Bott-Chern cohomology of Iwasawa manifold I 3 and of its small deformations, Angella [7] refined Nakamura's classification. In particular, we have the following table (cf. [12, 11] ). Table 1 . Non-Kählerness degrees of I 3 and its small deformations
Concluding remark
Based on the Weak Factorization Theorem (Theorem 4.3), to verify the bimeromorphic invariance of the ∂∂-Lemma in higher dimension case, we need to deal with two problems: to confirm whether the ∂∂-Lemma survive the closed complex submanifolds and prove a general projective bundle formula for Bott-Chern cohomology. More precisely, let X be a compact complex manifold with dim C X = n > 3. It is unknown whether the following explicit formula still holds however, it seems to be reasonable. If the formula (5.1) is true and any closed complex submanifold of a ∂∂-manifold is also a ∂∂-manifold, then by Theorem 2.4 we can verify that the ∂∂-Lemma is a bimeromorphic invariant of compact complex manifolds.
For a compact non-Kähler complex surface the non-Kählerness degrees are trivial bimeromorphic invariants since ∆ 1 = 0 and ∆ 2 = 2. Let X be a compact complex threefold. By Theorem 1.3 we know that for each k ∈ {0, 1, 2, 3, 4, 5, 6}, the non-Kählerness degree ∆ k (X) is a bimeromorphic invariant. Example 4.6 means that for compact non-Kähler threefolds the non-Kählerness degrees, as bimeromorphic invariants, are non-trivial. As a direct consequence, we get that the Iwasawa manifold I 3 and its small deformations of class (ii) (resp. class (iii)) are not bimeromorphically equivalent. From the bimeromorphic geometry point of view, a natural problem is:
For the simplicity, we set K s,t = Γ(X, K s,t
Proof. Note that the direct image functor commutes with the direct sum π * (K sX ⊕K sX ) = π * K sX ⊕π * K sX .
To prove the assertion holds, it suffices to show that π * K sX ∼ = K This finishes the proof of Lemma A.2.
